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Interactive Coding

Question: Can two parties interact over a noisy channel?

Example: Two players playing online chess over noisy channel.
We start by defining the notion of a binary protocol. In what follows we assume

for simplicy that in each round both

Definition 1 (Binary protocol). In a binary protocol, Alice takes as input a sequence
of functions ΠA = {Πi

A}i∈[odd], where

Πi
A : {0, 1}i−1 → {0, 1}.

Similarly, Bob takes as input a sequence of functions ΠB = {Πi
B}i∈[even], where

Πi
B : {0, 1}i−1 → {0, 1}.

The output of the binary protocol (ΠA, ΠB) is a sequence (w1, . . . , wk) such that:

• For every odd i ∈ [k], Πi
A(w1, . . . , wi−1) = wi.

• For every even i ∈ [k], Πi
B(w1, . . . , wi−1) = wi.

Remark. Note that in the above we assume that each party sends a single bit per
round. This is without loss of generality since we can send one bit at a time, at the
cost of increasing the communication complexity by a factor of 2. This of couse, does
not preserve the round complexity, but for now we will not worry about preserving
the round complexity.

Remark. Note that the above assumes that the protocol is deterministic.1 1 This is without
loss of generality
since we can
fix the parties’
randomness.

From now on we assume that the number of rounds, denoted by k is fixed (padding
with dummy bits if necessary). Thus, we can associate with each such protocol a bi-
nary depth k protocol tree.
Schulman [1] was the first to study the question of error correction in the interactive
setting.
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Definition 2 (α-Error-Resilient Interactive Coding). An α-error-resilient interacting
coding scheme converts any k-message protocol (ΠA, ΠB) into a N = N(k)-message
protocol (σA, σB) together with two functions ( fA, fB) such that the following holds:
Fix any vectors (a1, . . . , aN) and (b1, . . . , bN) for which:

• For every odd i ∈ [N], ai = σA(a1, . . . , ai−1).

• For every even i ∈ [N], bi = σB(b1, . . . , bi−1).

• |{i ∈ [N] : ai ̸= bi}| ≤ αN.

Then fA(a1, . . . , aN) = fB(b1, . . . , bN) = Output(ΠA, ΠB).

We note that while we assume that the underlying protocol (ΠA, ΠB) each mes-
sage is a single bit, this is not the case in the error-resilient protocol (σA, σB). In the
latter each ai and bi is a string of bits of constant size.

Definition 3 (Interactive Coding). An interactive coding scheme is one that is ϵ-error
resilient for a constant α ∈ (0, 1) and where the number of bits communicated in
(σA, σB) is only a constant times larger than the number of bits communicated in
(ΠA, ΠB).

Interactive Coding Constructions

Attempt 1: Encode each message in the prtoocol using a (non-interactive) error
correcting code.

Drawback: This only corrects errors locally. It is good for random errors by repeat-
ing each sent bit ω(log k) times.

Our focus is on adversarial error. So we need a global error-correction mecha-
nism.

Tree Codes

We now define the notion of a tree code, first defined by Schulman [2]. This is an
online code which can be used for encoding binary protocols.

Definition 4. A tree code, T, is an online code with,

T : {0, 1}∗ → Σ∗,

such that the following conditions hold:

• |x| = |y| =⇒ |T(x)| = |T(y)|.

• For every x ∈ {0, 1}∗, T(x) is the prefix of T(x∥0) and T(x∥1).

• There exists a constant c ∈ N such that |Σ| = 2c.2 2 Without loss
of generality
we think of
Σ = {0, 1}c.

Note that by the definition of a tree code, for every k ∈ N, every x ∈ {0, 1}k, and
every i ∈ [k], T(x1, ..., xk)[1:i] depends only on (x1, . . . , xi).3 3 Here and below,

a subscript [j : t]
on an encoded or
received string
denotes the
concatenation of
its output blocks
j, . . . , t.

Definition 5. The rate of a tree code T : {0, 1}∗ → Σ∗, where Σ = 2c, is R = 1
c .
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How should we define distance? Take any two conversations x, y ∈ {0, 1}k. Suppose
that (x1, . . . , xi−1) = (y1, . . . , yi−1) then

T(x)[1:(i−1)] = T(y)[1:(i−1)]

Thus the relative distance of a tree code is defined as follows:

Definition 6. A rate R tree code T has relative distance δ if

∀x, y ∈ {0, 1}k, ∀i ∈ [k], xi ̸= yi =⇒ ∆
(︁
T(x), T(y)

)︁
≥ δ(k − i + 1)

R
.

Theorem 7 (Tree codes imply interactive coding). Suppose that T is a tree-code of rate
R = 1/c and relative distance δ > 0, where c is a positive integer. Then there is a generic
deterministic transformation taking any binary protocol communicating k bits into a protocol
communicating 12k/R bits, such that both parties recover the original transcript even if an
adversary corrupts a δ/96 fraction of the transmitted bits.

At a high level, each party maintains a tentative vertex in the protocol tree of
the underlying binary protocol, and uses a tree code to communicate its moves,
together with the bit prescribed by its input at its current vertex. By decoding the
received messages, each party obtains a guess for the other party’s current vertex.
If it believes that their vertices coincide, it moves down the tree according to the bit
supplied by the owner of that vertex. If it believes that it is ahead of the other party
on the same path, or that their vertices lie on different branches, it backtracks. Oth-
erwise, it believes that it is behind the other party on the same path, and stays. Each
move, including backtracking or staying, is reported in the next round. Importantly,
the tree-code history only grows: backtracking in the protocol tree is recorded as a
new move, rather than erasing a previous move.

When both parties decode correctly, they either advance together along the cor-
rect path or reduce the disagreement between their tentative paths. Incorrect de-
coding can disrupt this progress, but the tree-code distance guarantee allows us
to charge such disruptions to channel corruptions. Consequently, as long as the
fraction of corrupted bits is sufficiently small, the parties make enough progress to
recover the original transcript.

Proof. Set

N = 2k, L = 3c =
3
R

, α =
δ

3
.

N is the number of rounds in our interactive coding scheme, L is the length of each
message sent. Our scheme uses the following tree code, over Σ = {0, 1}L, with
relative distance α.

The tree code. Let

A = {0, 1, stay, back}, Σ = A× {0, 1},

and fix a bijection e : Σ → {0, 1}3. Define the online code

˜︁T(h1, . . . , ht) = T
(︁
e(h1)∥ · · · ∥e(ht)

)︁
.
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This code emits L bits per input symbol, we thus view its output as a sequence of
L-bit blocks.

We first verify that ˜︁T has relative bit distance at least α. Fix h, h′ ∈ Σt whose first
disagreement is at position i. The binary strings

e(h1)∥ · · · ∥e(ht) and e(h′1)∥ · · · ∥e(h′t)

first disagree at some position j ≤ 3i. Moreover, by the online property, ˜︁T(h) and˜︁T(h′) agree on their first i − 1 output blocks. Therefore,

∆
(︁˜︁T(h)[i:t], ˜︁T(h′)[i:t])︁ = ∆

(︁˜︁T(h), ˜︁T(h′))︁
≥ δc(3t − j + 1)

≥ αL
(︁
3(t − i) + 1

)︁
≥ αL(t − i + 1). (1)

The protocol tree. Let Π be the original protocol, and let P be its binary protocol
tree. Each internal vertex is owned by one party, and the owner’s input determines
the outgoing bit.

We assume that every transcript has length k (padding with dummy bits if neces-
sary). We further extend each leaf by a full binary tree so that the resulting tree has
depth N. At every added internal vertex, Alice is the owner and her prescribed bit is
0. Recovering the first k bits of the extended execution suffices to recover the original
transcript.

Identify every vertex with its root-to-vertex bit string. Write ε for the root, |v| for
the depth of v, and par(v) for its parent, with

par(ε) = ε.

For P ∈ {A, B}, let

bP(v) =

⎧⎨⎩the bit prescribed by P’s input at v, if P owns v,

0, otherwise.

Define the move operation by

Move(v, a) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
v0, a = 0,

v1, a = 1,

v, a = stay,

par(v), a = back.

For a history
h = ((a1, b1), . . . , (at,

¯
t)) ∈ Σt,

vertex(h) is a vertex on the protocol tree, defined by recursion, as follows:

u0 = ε, uj = Move(uj−1, aj) for j ∈ [t],

and set
vertex(h) = ut, Bit(h) = bt.



topics in error-correcting codes 5

The simulation. At each round t, we associate with each party P ∈ {A, B} a vertex
vt

P, and we denote by at
P the move it makes at round t. Initialize

v0
P = ε, a0

P = stay.

Each party also maintains an initially empty history over Σ.
The simulation consists of N rounds, where in each round both parties transmit

a message simultaneously. In round t, party P, with the other party denoted by Q,
performs the following steps:

1. Append
ht

P =
(︁
at−1

P , bP(vt−1
P )

)︁
to its history,4 and send the t-th output block of 4 Recall that

at−1
P ∈
{0, 1, stay, back}
is the move that
party P made
after decoding
the message that
it received from
Q in round t − 1,
which caused P
to move to vertex
vt−1

p .

˜︁T(h1
P, . . . , ht

P).

This block consists of L bits.

2. Compute (at
P, vt

P) from the (possibly corrupted) history blocks that it received
from the other party, as follows:

(a) Let zt
Q ∈ {0, 1}L·t be the concatenation of all blocks received from Q through

round t. Compute ˆ︁h(t)Q ∈ arg min
h∈Σt

∆
(︁˜︁T(h), zt

Q
)︁
,

breaking ties according to a fixed rule. Set

ˆ︁vQ = vertex
(︁ˆ︁h(t)Q

)︁
, ˆ︁bQ = Bit

(︁ˆ︁h(t)Q
)︁
.

(b) Choose at
P as follows:

• If vt−1
P = ˆ︁vQ, then set at

P = bP(vt−1
P ) if P owns this vertex, and set

at
P = ˆ︁bQ otherwise.

• If vt−1
P is a proper ancestor of ˆ︁vQ, set at

P = stay.

• Otherwise, set at
P = back.

Then update
vt

P = Move(vt−1
P , at

P).

Note that the histories are append-only: a move back changes the protocol-tree ver-
tex but does not erase any history symbol.

After round N, each party outputs the first k bits of its vertex, or outputs failure if
its vertex has depth less than k. Any padding is then removed.

Each round communicates 2L bits, so the total communication is

M = 2LN = 6cN = 12ck. (2)

Thus, there is a 12c overhead in communication complexity; in other words, the rate
of the interactive coding scheme is 1

12c = R
12 .

In the next lecture we prove the correctness of this protocol.
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